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The electron-cyclotron maser is a process that generates intense and coherent radio
emission in plasma. In this paper, we present a comprehensive parametric investi-
gation on the electron-cyclotron-maser instability driven by non-thermal ring-beam
electrons with intrinsic Alfve´n waves which pervade the solar atmosphere and inter-
planetary space. It is found that both forward propagating and backward propagating
waves can be excited in the fast ordinary (O) and extraordinary (X) electromagnetic
modes. The growth rates of X1 mode are almost always weakened by Alfve´n waves.
The average pitch-angle φ0 of electrons is a key parameter for the effect of Alfve´n
waves on the growth rate of modes O1, O2 and X2. For a beam-dominated electron
distribution (φ0 . 30
◦ ), the growth rates of the maser instability for O1, O2 and X2
modes are enhanced with the increase of Alfve´n wave energy density. In other con-
ditions, the growth rates of O1, O2 and X2 modes weakened with increasing Alfve´n
wave intensity, except that the growth of O1 mode may also be enhanced by Alfve´n
waves for a ring distribution. The results may be important for us in analyzing
the mechanism of radio bursts with various fine structures observed in space and
astrophysical plasmas.
a)Electronic mail: cbwang@ustc.edu.cn, corresponding author.
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I. INTRODUCTION
Electron-cyclotron-maser (ECM) instability is an appealing mechanism for direct am-
plification of radio radiation by non-thermal (energetic) electrons, which has been widely
applied for explanations of high-power radio emissions from magnetized planets as well
as other astronomical objects1, and for microwave generation in the laboratory2. Twiss3
and Schneider4 first pointed out independently that this induced emission mechanism can
amplify electromagnetic wave at radio frequency which is close to the electron-cyclotron
frequency and its harmonics in a magnetic field. Hirshfield and Wachtel5 demonstrated
the ECM emission by microwave generation in a gyrotron with relativistic electrons in the
laboratory. Within the space and astrophysical context, the ECM instability did not re-
ceive intensive attentions until the late 1970s when the Earth’s auroral kilometric radiation
(AKR) was successfully explained by Wu and Lee6 in terms of the cyclotron-maser mecha-
nism. They realized that including the weakly relativistic effect could dramatically increase
the efficiency of the amplification of electromagnetic wave. Since then, the ECM instability
has been extensively investigated in the 1980s, and has gained increasing attention in the
last three decades with its applications to various radio emissions beyond the Earth, for
example, the solar radio bursts7–13, the radio emission from magnetized planets in our solar
system14–16 and the time-varying emission from magnetized blazar jets17. One can refer to
the review literatures1,18,19 for more details about the fundamentals of this instability and
its applications in astrophysics.
There are two necessary conditions for the excitation of ECM instability. The first condi-
tion is that the local electron plasma frequency is less than the electron-cyclotron frequency
for significant excitation of the fast ordinary and extraordinary electromagnetic waves. This
indicates that the background plasma density may be depleted in the radio source region
as demonstrated by in situ observation in the source region of AKR20. There are only few
works published on the physical process for this density depletion. It is considered that
the plasma is diluted by a magnetic-field-aligned electric potential drop1,21,22 for the Earth’s
AKR. For a plasma with low plasma-beta value such as in the solar corona, the density may
be depleted due to magnetic compression or Alfve´n waves excited in a magnetic flux tube
by beams of energetic particles through pressure balance across the boundary of the flux
tube23,24.
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The second condition is that the electrons possess a velocity distribution with a perpen-
dicular population inversion which provides the energy to amplify the electromagnetic wave
via wave-particle resonant interaction. A number of velocity-distribution models have been
proposed and studied for cyclotron maser that occurs in different physical environments,
such as the loss-cone distribution (or a ring distribution, the most famous one)6,25,26, the
ring-shell distribution27,28, the horseshoe distribution (or partial-shell distribution)29,30 and
the hollow ring-beam distribution31,32. Basically, the electron velocity distribution for maser
instability can be divided into two components, namely, a ring and a beam. The ring is
the velocity component perpendicular to the ambient magnetic field, which is the energy
source for the cyclotron-maser instability. The beam is the velocity component parallel
to the ambient magnetic field line. The relative amplitude and distribution of these two
components determine the pattern and position of the area where the distribution function
has positive gradient ∂Fe/∂v⊥ in phase space, which further gives the wave modes that are
unstable and correspondingly their growth rates, frequencies and wave propagation angles,
because the resonance ellipse of an unstable wave mode should be located inside the region
where ∂Fe/∂v⊥ > 0. Here Fe and v⊥ are the electron velocity distribution function and the
perpendicular velocity with respect to the ambient magnetic field.
It is well-known that large-amplitude intrinsic Alfve´n waves are observed in the solar
atmosphere and interplanetary space33–36. Much work has been published discussing the
roles of Alfve´n waves in the heating and acceleration of solar corona and solar wind through
resonant or non-resonant wave-particle interaction37–40. Recently, it is found that the pre-
existing Alfve´n waves enhance the ECM instability41 driven by non-thermal electrons with
a beam-feature distribution. The waves qualitatively affect the velocity distribution of ener-
getic electrons via pitch-angle scattering. A beam distribution function can deform quickly
to become a crescent-shaped distribution so that the cyclotron-maser instability can be
excited. At the same time the intrinsic Alfve´n waves may modify the classical cyclotron
resonance processes.
In this paper, we discuss the influences of intrinsic Alfve´n waves on the growth rate of
cyclotron-maser instability driven by non-thermal ring-beam electrons. Comparing with
previously theoretical work, in most of which the growth rates were calculated for a few
special parameter values, a comprehensive parametric investigation on the dependence of
growth rates on several parameters is done in the present paper so that we can gain a more
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complete view on the maser excitation at different physical conditions. The results can
provide important clues for us to explore the various fine features of radio emission observed
in nature.
The organization of the paper is as follows. In Section 2, the model of the scattered ring-
beam electron distribution function is introduced and the general formulae for the growth
rate is described. In Section 3, some sample growth rate calculations are presented to show
the general characteristics of the maser instability. In Section 4, we display the results
from the comprehensive parametric investigation on the maximum growth rate. Finally, we
conclude in Section 5.
II. MODEL OF THE DISTRIBUTION FUNCTION AND FORMULAE OF
THE GROWTH RATE
A. Distribution of ring-beam electrons scattered by Alfve´n waves
The ring-beam distribution is not an infrequent feature for non-thermal (energetic) elec-
trons accelerated in space and astrophysical plasmas. For instance, based on the physics
of collisionless shock waves, the reflected electrons from quasi-perpendicular shock layer
is characterized by ring-beam or loss-cone-beam distribution42,43, which can be the energy
source for radio emission from collisionless shock32,44,45. Solar type III radio bursts are pro-
duced by fast electron beams along open magnetic field line12,46–48, which may also have a
ring component if they are initially injected to the open field with an angle with respect to
ambient field line from the magnetic reconnection site.
When there are pre-existing Alfve´n waves, these waves can pitch-angle scatter the elec-
trons. During the pitch-angle scattering, the electron energy is conserved in a frame moving
with the Alfve´n waves. If the beam component is the dominant velocity for the non-thermal
electron without Alfve´n waves, the pitch-angle scattering will mainly accelerate the electrons
in the transverse direction and will increase the ring component. On the other hand, if the
ring component is the dominant component without Alfve´n waves, the pitch-angle scattered
electrons will mainly spread their pitch-angle distribution. As a result, a partial-shell (or
crescent-shaped) distribution emerges, and a spherical shell (or ring-shell) distribution may
develop, depending on the intensity of the Alfve´n waves. Introducing the momentum per
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unit mass of rest electron u = p/me0, we model the scattered ring-beam electron distribution
simply as follows.
Fe(u, µ) = A exp
[
−(u− u0)
2
α2
− (µ− µ0)
2
β2
]
, (1)
where µ = cos φ = u‖/u, and φ is the pitch angle, u‖ is the momentum parallel to the ambient
magnetic field. The quantities, u0 and µ0 represent the average electron momentum and the
cosine of the average pitch-angle φ0, α and β designate the momentum dispersion and the
spread width in pitch angle, respectively. The value of β is proportional to the normalized
energy density of Alfve´n waves. On the basis of a preceding analytical study49 we assume
that β2 ≈ 2B2w/B20 , where Bw and B0 are the strength of the Alfve´n wave magnetic field
and the background magnetic field, respectively. The normalization constant A is given by
1
A
=
pi3/2√
2
βα3e−u
2
0
/2α2D−3
(
−
√
2u0
α
)[
erf
(
1− µ0
β
)
+ erf
(
1 + µ0
β
)]
. (2)
Here, erf(x) is the error function and D−3(z) is the parabolic cylinder function
50. Some
contour plots of the electron distribution given by equation (1) with different parameters
are shown in figure 1.
B. General expression of the growth rate
We assume that the thermal electrons are the dominant electron species in plasma, and
a tenuous component of non-thermal electrons are the energy source to amplify the fast
electromagnetic waves. According to the cold plasma theory, the dispersion relation for the
extraordinary (X) and ordinary (O) modes is given by
N2σ = εσ,
εX = 1−
ω2pe
ω(ω + τΩe)
, εO = 1−
τω2pe
ω(τω − Ωe cos2 θ)
, (3)
where Nσ is the refractive index, the subscript σ represents the wave mode, σ = O is
the ordinary (O) mode, and σ = X is the extraordinary (X) mode, ωpe and Ωe are the
ambient plasma frequency and electron-cyclotron frequency, ω and θ denote the wave angular
frequency and the wave phase angle defined with respect to the ambient magnetic field,
respectively. The parameter τ is defined as
τ =
(
s+
√
cos2 θ + s2
ω2pe − ω2∣∣ω2pe − ω2∣∣
)
, s =
ωΩe sin
2 θ
2
∣∣ω2pe − ω2∣∣ . (4)
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The general expression of the temporal growth rate of ECM instability is given by9,51
Γσ =
pi
2
nb
n0
ω2pe
ω
1
(1 + T 2σ )Rσ
∞∑
m=−∞
∫
d3u(1− µ2)δ
(
γ − mΩe
ω
− Nσuµ
c
cos θ
)
×
{
ω
Ωe
[
Kσ sin θ + Tσ
(
cos θ − Nσuµ
c
)]
Jm(bσ)
bσ
+ J ′m(bσ)
}2
×
[
u
∂
∂u
+
(
Nσu
c
cos θ − µ
)
∂
∂µ
]
Fe(u, µ), (5)
with
TX = −
cos θ
τ
, TO =
τ
cos θ
,
RX = 1−
τω2peΩe(1 + U)
2ω(ω + τΩe)2
, RO = 1 +
τω2peΩe(1− U) cos2 θ
2ω(τω − Ωe cos2 θ)2
,
KX =
ω2pe
ω2 − ω2pe
Ωe sin θ
ω + τΩe
, KO =
ω2pe
ω2 − ω2pe
τΩe sin θ
τω − Ωe cos2 θ
,
U =
τ 2 − cos2 θ
τ 2 + cos2 θ
ω2 + ω2pe
ω2 − ω2pe
, bσ =
ω
Ωe
Nσu(1− µ2)1/2 sin θ, (6)
where γ = (1 + u2/c2)1/2 is the relativistic factor and we have replaced all γ outside the
delta function by unity in the weakly relativistic approximation, nb and n0 denote the
number densities of non-thermal electrons and background electrons, Jm(bσ) and J
′
m(bσ)
are the Bessel function of order m and its first derivative, respectively. Here, we would
like to point out that the electron-cyclotron maser works, in principle, only for relativistic
distribution. The distribution function equation (1) is a simple Maxwellian distribution
with pitch-angle anisotropy, which is reasonable for weak relativity. Otherwise, it is better
to use the Ju¨ttner distribution, which is the relativistically generalized classical Maxwell-
Boltzmann distribution52,53. This is beyond the scope of this paper.
III. GENERAL PROPERTIES OF ELECTRON-CYCLOTRON-MASER
INSTABILITY
One can calculate the growth rate of emission in X mode or O mode for a given electron
distribution and the plasma-to-electron cyclotron frequency ratio ωpe/Ωe on the basis of
equations (1) and (5), which is a function of the wave frequency ω and the propagation phase
angle θ. In the present discussion, we investigate the fundamental and second harmonic O
mode and X mode waves which are designated by O1, X1, O2 and X2 for abbreviation. In
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principle, the third or higher harmonics can also be excited with the increase of ωpe/Ωe, but
their growth rates are much lower than the values of the fundamental and second harmonic
wave modes51.
Figure 2 shows the normalized growth rate Γ/Ωe of wave modes O1, X1, O2 and X2,
plotted as a function of the normalized wave frequency ω/Ωe and the phase angle θ, for
several values of ωpe/Ωe. In obtaining these numerical results, the input parameters in the
distribution function are taken to be u0 = 0.3c, α = 0.1u0, β = 0.5 and µ0 = 0.5 (φ0 = 60
◦),
namely, the distribution function shown in the right-top panel in figure 1 is used. Note that
the frequency ratios ωpe/Ωe are not same for the cases results shown in different panels in
figure 2. For each wave mode from left to right, the first, second and third rows display
the results for the case that ωpe is much less than Ωe, the case of ωpe/Ωe near which the
wave is most unstable, and the case of ωpe/Ωe that is near its upper limit for instability,
respectively. The upper limit of ωpe/Ωe for the excitation of each wave mode is determined
by the necessary that its cutoff frequency is not much greater than the fundamental or
harmonic electron-cyclotron frequency, which are approximately equal to 0.3, 1.0, 1.4 and
2.0 for modes X1, O1, X2 and O2, respectively.
One can see from figure 2 that both forward propagating waves (θ < 90◦) and backward
propagating waves (θ > 90◦) can be excited for all wave modes, and the growth rates of the
former are larger than that of the later. When the ratios ωpe/Ωe are far away from their upper
limit values for wave excitation, the most unstable waves propagate nearly perpendicular to
the ambient magnetic field with phase angle θ ≈ 90◦ for O1, O2 and X2 mode, while the
most unstable wave of X1 mode propagates more obliquely with θ . 80◦. On the other hand,
as ωpe/Ωe approaches its upper limit for instability, every mode becomes to be quasi-parallel
propagation.
Figure 3 plots the maximum growth rate Γmax/Ωe (upper panel), the frequency ωmax/Ωe
(middle panel) at which the maximum growth occurs, and the wave propagation angle θmax
(bottom panel) corresponding to the maximum growths for each mode as a function of the
frequency ratio ωpe/Ωe. The blue, red, black and green lines represent the results of X1,
O1, X2 and O2 wave modes, respectively. As has been noted by many researchers, the
maximum growth rates depend on the frequency ratio ωpe/Ωe for each mode which can be
unstable in a finite range of ωpe/Ωe. With the increase of ωpe/Ωe, modes X1, O1, X2 and
O2 are stabilized in subsequence, and the propagation angle for all modes changes from
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quasi-perpendicular direction to quasi-parallel direction before the modes are suppressed.
At the same time, the frequencies of each mode start very close to the harmonic cyclotron
frequency mΩe (m = 1, 2) but systematically deviate away from the harmonic frequency as
ωpe/Ωe approaching its upper limit for instability.
These cases studies give us a brief survey on several basic properties of the ECM instabil-
ity, which are generally similar for different models of electron velocity distribution shown
in figure 1.
IV. DEPENDENCE OF GROWTH RATE ON THE INTENSITY OF
ALFVE´N WAVES
To investigate the influences of Alfve´n waves on the maser instability, we have done a
comprehensive parametric calculation on the variations of the maximum growth rate with
the parameters α, β, u0 and µ0 in the distribution function equation (1) for a given ωpe/Ωe.
As one can see from figure 3, the maximum growth rates of each wave mode first increase
with increasing ωpe/Ωe to a peak value, then sharply drop as ωpe/Ωe approaching its upper
limit for instability. The growth rates peak at ωpe/Ωe ≈ 0.15 , 0.7 for X1 and O1 modes,
and at ωpe/Ωe ≈ 1.1 for both X2 and O2 modes. The variation tendencies of the maximum
growth rate with ωpe/Ωe are generally similar for different electron velocity distributions.
Thus, without loss of generality, we let ωpe/Ωe equal to 0.15, 0.7, 1.1 and 1.1 for X1, O1, X2
and O2 modes respectively in what follows.
Firstly, we discuss the influence of Alfve´n waves on the growth rate of maser instability
excited by ring-beam electrons with different average pitch-angles. Contour plots of the
maximum growth rate as function of φ0 and β are presented in figure 4, where φ0 = arccosµ0
is the average pitch-angle, and β2 ≈ 2B2w/B20 is proportional to the magnetic field intensity
of Alfve´n waves. In these calculations, we choose u0 = 0.3c and α = 0.1u0. The left-top,
right-top, left-bottom and ring-bottom panels are results for O1, O2, X1 and X2 modes,
respectively. The results indicate that the dependencies of the growth rate on the strength
of Alfve´n waves are not only different for different wave mode, but also are different for
different average pitch-angle of the ring-beam electrons.
For the O1 mode, the growth rates increase with the increase of β for pitch-angle φ0 . 30
◦
and φ0 & 70
◦, while the growth rates decrease with the increase of β for 30◦ < φ0 < 70
◦.
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These imply that whether the non-thermal electron distribution are predominant by the
beam component or the electrons are nearly a pure ring, the pre-existing Alfve´n waves
will enhance the growth of the maser instability of O1 mode. If the amplitude of the ring
and beam components are comparable with each other, the pre-existing Alfve´n wave will
weaken the growth of the maser instability. For a giving intensity of Alfve´n waves, if the
intensity is not very strong, for example β < 0.5, the growth rates of ring-beam electrons
with comparable two components are generally larger than that of beam-dominated electrons
or pure ring electrons with the same electron energy. However, the growth rate of beam-
dominated electrons becomes the largest one if the Alfve´n wave intensity is strong enough
with β & 0.6.
For the O2 mode, the growth rates increase with the increase of β for φ0 < 25
◦. This
indicates that Alfve´n waves enhance the maser excitation of O2 mode by beam-dominated
non-thermal electrons, which is similar to the O1 mode. Meanwhile, the Alfve´n waves have
a weakening effect on the maser instability for φ0 > 30
◦. Another interesting point is that
the effects of Alfve´n wave intensity on the O2 mode approach quickly to a saturated level
at β ≈ 0.3.
For the X1 mode, the growth rates decrease almost always with the increase of β, except
in a very small region near φ0 = 90
◦ where the growth rates first increase slightly, then
decrease with the increase of β. This means that the pre-existing Alfve´n waves have a
weakening effect on the growth of X1 mode in general.
For the X2 mode, the growth rates increase greatly with the increase of β for pitch-angle
φ0 . 50
◦, while the growth rates decrease slowly with the increase of β for other pitch-
angles. These indicate that Alfve´n waves enhance the maser excitation of X2 mode driven
by beam-dominated electrons, but weaken the maser instability produced by ring-dominated
electrons.
In brief summary, if the velocity distribution of non-thermal electrons for maser instability
are dominated by a beam component, the pre-existing Alfve´n waves will enhance the growth
rate of instability for O1, O2 and X2 modes but weaken the growth rate of X1 mode. For
non-thermal electrons with a ring distribution, Alfve´n waves can also enhance the growth
rate of the fundamental mode, but weaken the growth rate of the second harmonic mode.
If the non-thermal electrons have a velocity distribution with comparable beam and ring
components, Alfve´n waves generally weaken the growth rate of all wave modes.
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Next, figure 5 shows the contour plots of the maximum growth rate as function of the
average pitch-angle φ0 and the average electron momentum u0. The other parameters used
for these calculations are α = 0.03c and β = 0.5. The left-top, right-top, left-bottom and
right-bottom panels are results for O1, O2, X1 and X2 modes, respectively. In general,
the growth rates of all wave mode have an increasing trend with respect to the increase
of electron momentum. For a fixed value of the average electron momentum (or energy),
figure 5 seems to indicate that the growth rates of ring-dominated electrons are larger than
that of beam-dominated electrons for X2 mode, while it is reversed for other wave modes.
However, these are correct only for β & 0.5 when the spread of the electron pitch-angle is
scattered wide enough by intense Alfve´n waves. Otherwise, as one can see from figure 4, for
the pitch-angle spread width β . 0.4, the maximum growth rates peak at the region where
the pitch-angle φ0 is about 40
◦to 60◦ for O1, O2 and X1 modes.
Finally, we have a discussion on the effect of electron momentum dispersion α which can
also be considered as the “temperature” of the ring-beam electrons. The lower the value of
α is, the “colder” the ring-beam is. On the basis of equation (1), one can expect intuitively
that the colder the ring-beam is, the higher the growth rate would be, since the gradient of
distribution function in the momentum space increases with the decrease of α. Indeed, this is
consistent with the numerical results, which we don’t show. An interesting result found from
the numerical calculation is that the wave growth rates are more sensitive to the variation
of Alfve´n wave intensity for “hotter” ring-beam electrons than that for “colder” ring-beam
electrons. For example, when the parameter value β decreases from 1.0 to 0.1 with fixed
parameter values u0 = 0.3c, φ0 = 60
◦ and ωpe/Ωe = 1.1, the maximum growth rates of O2
mode increase 3.06 times and 23.2 times for α = 0.01c and α = 0.09c (corresponding to a
“temperature” about 3.0× 105 k and 2.4× 107 k), respectively.
V. CONCLUSION
Large amplitude Alfve´n waves intrinsically pervade the solar atmosphere and interplane-
tary space. Their roles on the heating and acceleration of solar corona and solar wind have
been the hot and frontier research field for more than half centuries. Recently, it is suggested
that Alfve´n waves play important roles on the ECM instability23,24,41. The electron-cyclotron
maser is a process that can generate coherent radio radiation directly from non-thermal elec-
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trons in magnetized plasma, which has been one of the dominant mechanism for producing
high-power radio emissions observed in our universe1. In this paper, we present a compre-
hensive parametric investigation on the influences of Alfve´n waves on the cyclotron-maser
instability driven by non-thermal ring-beam electrons.
It is found that both forward propagating and backward propagating waves can be excited
in the X mode and O mode near the fundamental and harmonic electron-cyclotron frequen-
cies in a finite range of frequency ratio ωpe/Ωe. The X1 mode propagates more obliquely
with respect to the ambient magnetic field while O1, O2 and X2 modes propagate quasi-
perpendicularly in general. However, each mode becomes to be quasi-parallel propagation
as the frequency ratio ωpe/Ωe approaches its upper limit for instability.
Whether the pre-existing Alfve´n waves enhancing or weakening the instability depend not
only on the wave mode but also on the relative amplitude of the ring and beam components
in the electron velocity distribution. The growth rates of X1 mode are weakened by Alfve´n
waves in general. For a beam-dominated distribution (the electron average pitch-angle
φ0 . 30
◦), the growth rates of maser instability for O1, O2 and X2 mode are enhanced with
the increase of Alfve´n wave energy density. In the other conditions, the growth rate of O1,
O2 and X2 mode weaken with the increasing Alfve´n wave intensity, except that the growth
rate of O1 mode may also be enhanced by Alfve´n waves for a ring distribution. In addition,
the growth rates are more sensitive to the variation of Alfve´n wave intensity for “hotter”
ring-beam electrons than that for “colder” ring-beam electrons.
An implicit assumption in this study is that the electron distribution function does not
change with time. In real situation, the electron velocity distribution may evolve with
time. For instance, when the non-thermal electrons travel along the magnetic field line
with decreasing background magnetic field strength, their average pitch-angle will decrease
due to the conservation of magnetic moment, so that the electrons may evolve from a ring-
predominant distribution to a beam-dominated distribution, or vice versa; the non-thermal
electrons may lose some of their energy via collisions with the ambient plasma; and the energy
density of Alfve´n waves experienced by the evolving electrons may also vary with position
and time. All of these can affect the spectral intensity, polarization, directivity and other
properties of the radio emission amplified by non-thermal electrons through the cyclotron-
maser instability, so the above results is important for us to understand the mechanism for
the radio bursts with various fine structures observed in space and astrophysical plasmas.
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FIG. 1. Contour plots of the ring-beam non-thermal electron distribution function Fe(u, µ) versus
u⊥ and u‖ in momentum space for different parameter values of µ0 and β, where u0 = 0.3c and
α = 0.1u0 are used for the plot in all panels.
15
FIG. 2. Contour plots of the growth rate versus the wave propagation angle θ and wave frequency
ω/Ωe for the fundamental and harmonic X modes and O modes at different frequency ratio ωpe/Ωe
for u0 = 0.3c, α = 0.1u0, β = 0.5 and µ0 = 0.5.
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FIG. 3. The plot of the maximum growth rate Γmax/Ωe, propagation angle θmax, and wave
frequency ωmax/Ωe as a function of the frequency ratio ωpe/Ωe for u0 = 0.3c, α = 0.1u0, β = 0.5
and µ0 = 0.5.
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FIG. 4. Contour plots of the logarithm of the maximum growth rate versus electron average pitch-
angle φ0 and the spread width of pitch-angle β for u0 = 0.3c and α = 0.1u0. Note that β is
proportional to the magnetic field intensity of Alfve´n waves.
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FIG. 5. Contour plots of the logarithm of the maximum growth rate versus average pitch-angle φ0
and average electron momentum u0 for α = 0.03c and β = 0.5.
19
